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Cn ' Abstract. We prove duality theorems for twisted Reidemeister torsions and twisted 

. , Alexander polynomials generalizing the results of Turaev. As a corollary we deter- 

' mine the parity of the degrees of twisted Alexander polynomials of S-manifolds in 

. -_ , many cases. 
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1. Introduction 



Let A^ be a 3-manifold with empty or toroidal boundary. Here and throughout the 
paper, we will assume that all 3-manifolds are connected, compact and orientable. 
We also assume that all manifolds and manifolds pairs are smooth. A homology 
orientation of A^ is an orientation of the real vector space (Bi>oH^,{N; M). We denote 
by Or(A^) the set of homology orientations of N. If cj G Or(A^), then we denote by 
>■ ■ —u the opposite homology orientation. 

^ . Given a space X we denote by 7ii{X) the first integral homology group viewed 

Q ! as a multiplicative group. Given a 3-manifold N with empty or toroidal boundary 

cn I we denote by Spin'^(iV) the set of Spin'^-structures on A^. Recall that there exists 

t~^ ■ a canonical free and transitive action of 'Hi{N) on Spin'^(A^) and that any Spin*^- 

structure s has a Chern class Ci{s) e l-Li{N). 

Let A^ be a 3-manifold with empty or toroidal boundary and let ip: vri(A^) — )• 
GL((i, F) be a representation over a field F. Let s e Spin'^(A^) and let uj G Or(A^). 
Building on ideas of Turaev (see |Tu86l ITu90t ITuOlj ) we introduce a twisted torsion 
invariant 
.^ ! r(A^,V?,s,a;) G F 

which has no indeterminacy (see Section [3]). This invariant is the sign-refined torsion 
of {N, if) associated to the Spin'' -structure s and the homology orientation u. This 
invariant is a generalization of the sign-refined (untwisted) torsion associated to a 
Spin'^-structure and a homology orientation introduced by Turaev |Tu90t ITuOlj . In 
Lemma 13.11 we will see that the torsion invariant has the following formal property: 
Let {N,ip,s,u) as above and let e G {—1, 1} and h G Tii^N), then 

(1) t{N, <^,h-s,e-uj) = e'^ ■ det((^(/i"^)) ■ t{N, (^, s, u) G F. 
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(Here and throughout this paper we make use of the fact that the map g i— )■ det{(f{g)) 
descends to a map T-Li^N) = ifi(7r;Z) — )■ F^ := F \ {0}.) In particular, if ip is an 
even- dimensional representation, then the torsion invariant does not depend on the 
homology orientation. 

Now suppose that F is equipped with (possibly trivial) involution. Note that g i-t- 

(p{g~'^) is also a representation, which we refer to as the dual of if and which we 
denote by y?^. The following is our main theorem of the paper. 

Theorem 1.1. Let N be a 3-manifold with empty or toroidal boundary. Let if : TCilN) — )■ 
GL[d, F) be a representation over a field ¥ with (possibly trivial) involution, let 
5 e Spin'=(A^) and let u e Ot{N). Suppose that Hf^dN^W^) = 0, then 



The proof naturally splits up into parts: 

(1) Given any orientable m-manifold A^ we relate in Theorem 15.21 the twisted 
Reidemeister torsion of A^ to an appropriate twisted Reidemeister torsion of 
{N,dN). 

(2) Given a 3-manifold N we show in Theorem 16.41 how to express the twisted 
Reidemeister torsion of (A^, dN) again in terms of an appropriate twisted 
Reidemeister torsion of A^. 

The proof for both results rely heavily on the ideas of Turaev as presented in |Tu86t 
[Ttl90l[T\Ion[T\I02] . 

Our main motivation lies in the application of Theorem 11.11 to the case of twisted 
Alexander polynomials. The set up is now as follows: Let A^ be a 3-manifold with 
empty or toroidal boundary. We write vr = 7ri(A^). Let a: vr — )■ GL{d,K.) be a 
representation over a field K and let : tt — )■ F be an epimorphism onto a free abelian 
group. (Throughout the paper we will view F as a multiplicative group.) We denote 
by K(F) the quotient field of the group ring K[F]. Note that a and give rise to the 
tensor representation a®0: vr — )■ GL{d, K{F)). We then define the twisted Alexander 
polynomial of (A^, a, 0) to be the set: 

T{N,a(^(f)) := {t{N, a ® (f),s,uj) \5 e Spin'iN) and tj G Or(A^)} C K(F). 

We call each T{N,a (8> (j),s,u)) a representative of T{N,a ® 0). Note it follows from 
([1]) that representatives of t{N, a® (j)) differ by multiplication by an element in 

{e- f.a\e = loie = {-l)\ f eF,ae det(a(7r))}. 

The invariant t{N, a ® 0) is a variation on the twisted invariants introduced by Lin 
pOT] . Wada |Wa94j . Kitano [Ki96], Kirk and Livingston |KL99j . Kitayama |Kiy08| 
and many other authors. In the literature the invariant t{N, a 0) is often referred 
to as 'twisted Alexander polynomial', 'twisted Reidemeister torsion', or (in the case of 
link complements) as 'Wada's invariant'. We refer to Section[8]and to [FVIO] for more 
information on twisted torsion and twisted Alexander polynomials of 3-manifolds. 
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Note that t{N, a ® cj)) is by definition a rational function, but in many cases, e.g. 
if rank(F) > 2 or if a is 'sufficiently non-abelian', the invariant t{N, a ® (j)) does 
actually lie in ]K[F] C K(F). We refer to Section |9] for details. Finally, we say that 
an epimorphism 0: vr — )■ F is admissible if restricted to any boundary component 
of A^ is non-trivial. 

We say that two representations (y9, -^ : vr — )■ GL((i, F) are conjugate if there exists 
a matrix P such that ^{g) = Pip{g)P~^ for all g E it. In the following we will 
be interested in representations which are conjugate to their duals. Note that by 
|HSW10t Lemma 3.1] a representation a: vr — )• GL{d,¥) is conjugate to its dual if 
and only if there exists a non-degenerate sesquilinear form on F'^ such that a acts by 
isometries. The following gives a list of representations which are conjugate to their 
duals: 

(1) Orthogonal representations. 

(2) Unitary representations. 

(3) Representations to SL(2, C) if we view C as equipped with the trivial involution. 

(4) The adjoint representation of an SL(2, C)-representation. 

We refer to Section 18.41 for more information. 

In the following, given a field IK with (possibly trivial) involution and a free abelian 
group F we equip K{F) with the involution induced by the involution on K and by 
/ = f~^ for any f E F. With this convention Theorem 11.11 now gives rise to the 
following theorem on twisted Alexander polynomials: 

Theorem 1.2. Let N be a 3-manifold with empty or toroidal boundary, let a: 7Ti{N) — )■ 
GL{d, K) be a representation over a field K with (possibly trivial) involution, and let 
0: Hi{N;Z) -^ F be an admissible epimorphism onto a free abelian group. Suppose 
that a is conjugate to its dual. Then for any representative r of t{N, a ® 0) we have 

^^(_l)<iMaiV).det(a(^)).0(^)^.r 

for some g G 'Hi(A^). Furthermore if N is closed, then there exists a representative r 
of t{N, a ® 0) such that 

r = rGK(F). 

Using further results of Turaev one can obtain a more precise statement if N is 
the exterior of a link in a homology 3-sphere. Let L = Li U ■ ■ ■ U L^ G N he 
an oriented, ordered m-component link in a closed 3-manifold. We then denote by 
Nl = N \ uL the exterior of L. If A^ is a Z- homology sphere, then the oriented 
ordered meridians of L form a basis for Hi{Nl; Z), in particular we have a canonical 
isomorphism 1/^ — )■ Hi{Nl;1j). We will use this canonical isomorphism to identify 
'Hi{Nl) with the free abelian multiplicative group generated by ti, . . . , tm- Following 
Turaev (see |Tu02l p. 76]) we define a charge of L to be a word t"^ t^ such that 
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for any i = 1, . . . ,m we have 

Tii = 1 + 2^1k(Li, Lj) mod 2. 

Theorem 1.3. Let L be a link in a Z-homology sphere N, let a: ttiINl) — )■ GL{d, K) 
be a representation over a fieldK with (possibly trivial) involution, and letcp: Hi{N; Z) — )■ 
F be an admissible epimorphism onto a free abelian group. Suppose that a is conju- 
gate to its dual. Then for any representative t of T{NL,a (g) (p) there exists a charge 
c such that 

^ = ^_iybo{N) . det(a(c)) ■ (PicY ■ r e K{F). 

Conversely, for any charge c there exists a representative r of T{NL,a^(f)) such that 

^ = (_l)dbo(7V) . det(a(c)) ■ (j){cy ■ T G K(F). 

Remark. Our theorems generahze several earher duahty results on torsion invariants 
which we now list: 

(1) Seifert jSi85], Fox and Torres ([EM] and jFT54l Corollary 3]), Milnor jMi62] 
and Turaev |Tu86l Theorem 1.7.1 and p. 141] proved results about symmetries 
and degrees of untwisted Alexander polynomials. 

(2) Kitano |Ki96t Theorem B] showed that if A^ is a knot complement and a : tti ( A^) — >■ 
S0(?7,) a special orthogonal representation, then for any representative r of the 
corresponding Reidemeister torsion we have r = et^^r for some /c G Z and 

6 €{-1,1}. 

(3) Kirk and Livingston |KL99[ Corollary 5.2] showed that if A^ is a closed 3- 
manifold and a a unitary representation over a subfield IK C C, then for any 
representative r of T{N,a 4>) we have t = ur where m is a unit in K[F]. 
(See also [ FK061 S ection 2].) 

(4) Kitayama |Kiy08 Theorem 5.9] proved Theorem 11.21 for the case of a knot 



complement. 

(5) Hillman, Silver and Williams |HSW10( Theorem 3.2] showed that under the 
same assumptions of Theorem II. 2 [ for any representative r of t{N, a ® 0) we 
have T = efdr for some e e {—1, 1}, / G F and d G det(a(7ri(A^))). 

(6) Dubois and Yamaguchi |DY09t Theorem 14] and [DY09t Remark 16] studied 
the twisted Alexander polynomial corresponding to the adjoint representation 
of an SL(2, C)-representation. 

Let A^ be a 3-manifold with empty or toroidal boundary and let G H^{N; Z) = 
Hom(7ri(A", Z)). The Thurston norm of is defined as 

x(0) := min{x_(S') \ S C N properly embedded surface dual to 0}. 

Here, given a surface S with connected components S*! U ■ ■ ■ U Sk, we define X-{S) = 
Y^^i=^max{-x{Si),0}. We refer to [ThSe] for details. Now let a: 7Ci{N) -> GL{d,K) 
be a representation over a field IK with involution. We identify IK[Z] with '"^I'+^ii 
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and ]K(Z) with K{t). We then view T{N,a ® (p) as an element in K(t). Given 
p = J2i=k ^i^^ ^ ]K[t^^] with afc 7^ and a; 7^ we define deg(p) = I — k. Given 
a non-zero fraction / = - G K(t) we define deg(/) = deg(p) — deg(g). Note that 
deg(r(iV, a ® 0)) G Z is well-defined, i.e. independent of a representative of t{N, a ® 
0) G K(t). 

We can now prove the following theorem. Note that it could not be proved with 
the previously known duality results for torsion. 

Theorem 1.4. Let N be an irreducible 3-manifold with empty or toroidal boundary 
such that N ^ S^ X D^ , let a: tti{N) — t- GL{d,K.) be a representation over a field 
K with involution, and let (p: 7Ci{N) -^ Tj be an admissible epimorphism. If a is 
conjugate to its dual and if t{N, a (g) 0) 7^ 0, then 

deg{T{N, a ® 4>)) = d ■ x{(f)) mod 2. 

Remark. (1) In |FK06j it is shown, that under the assumptions of Theorem 11.41 
we have the following inequality: 

deg(r(A^, a (g) (j))) < d ■ x{(j)). 

(2) This result is also closely related to earlier results by two of the authors on 
the degrees of the Cochran-Harvey 'higher order Alexander polynomials'. We 
refer to |Co04l IHaOSt IFKOSaj for details. In fact the methods of this paper 
can be extended in a fairly straightforward way to recover the main theorem 
of |FK08aj and in fact to somewhat generalize the results of |FK08aj . Indeed, 
one can now prove [FKOSaj Theorem 1.2] without the assumption that the 
ordinary Alexander polynomial is non-zero. 

(3) Theorem 11.41 is optimal in various ways. For example by [Molla] , there exists 
a 3-manifold A^ with boundary, (p G H^{N; Z) and an even dimensional repre- 
sentation a such that the formula in Theorem 11.41 does not hold modulo four. 
By |Mollbj similar examples also exist in the closed case. Also, there exist 
closed 3-manifolds and representations a which are not conjugate to their 
duals, such that the corresponding Reidemeister torsions do not have even 
degree. For example, if M is the 0-framed surgery on the knot II412, then 
there exists an epimorphism a : vri(M) -^ S5 such that the corresponding 
representation 

7ri(M) ^ S5 -^ Aut{(t;i, . . . ,v,) e¥l\v, + ■ ■ ■ + v, = 0} = GL(F5,4) 

(where 5*5 acts by permutation on the given vector space) has a corresponding 
twisted Alexander polynomial in F5[t^^] of degree 13. 

Of particular interest in recent years has been the study of twisted Alexander poly- 
nomials corresponding to SL(2, C)-representations, see e.g. |Mo08t IDY09t IKmMlOJ 
IFJlltlDFJllllYallj . We conclude with the following result which generalizes [HSWIO] 
Corollary 3.4]. We say r G C(t) is a loose representative for T{N,a ® 0) if for an 
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(and then for any) s G Spin'^(A^) and u) G Or(A^) there exists a A; G Z such that 

T = t^ ■ t{N, a^(j),s,u). 

Theorem 1.5. Let N be a 3-manifold with empty or toroidal boundary, let a : 7ri(A^) — > 
SL{2,C) be an irreducible representation and let (p: tti{N) -^ Tj be an epimorphism. 
Then there exists a loose representative r of t{N, a (8> 0) G C(t) of the form 



"^aiit-' + f 



j=0 

for some oq, . . . , a/ G C. In particular t{N, a® (j)) is of even degree. 

This paper is organized as follows. In Sections E] and [3] we review some basic 
materials such as Euler structures and twisted homology groups. In Sections H] and 
|5] we study duality for Euler structures and torsions of manifolds. Theorem 11.11 is 
proved in Section [7] and Theorems II. 2[ II. 3[ II. 4| and 11.51 are proved in Section |8l 
Finally in Section |9] we prove that in many cases twisted Alexander polynomials of 
3-manifolds are in fact Laurent polynomials. 

Conventions. All manifolds are assumed to be connected, orientable and compact. 
All CW-complexes are assumed to be finite and connected. By a field we will always 
mean a commutative field. By a field with involution we also allow the case that the 
involution is trivial. We usually think of free abelian groups as multiplicative groups. 
A basis of a vector space is always understood to be an ordered basis. 

Acknowledgment. We wish to thank Jae Choon Cha, Jerome Dubois and Dan 
Silver for helpful discussions and conversations. We also thank Takayuki Morifuji, 
Masaaki Suzuki and Teruaki Kitano who organized the RIMS seminar 'Twisted topo- 
logical invariants and topology of low-dimensional manifolds' in 2010 at Akita, Japan 
where the authors started this project. The second author was supported by the Na- 
tional Research Foundation of Korea (NRF) grant funded by the Korean government 
(MEST) (No. 2011-0003357 and No. 2011-0001565). The last author was supported 
by Research Fellowships for Young Scientists of the Japan Society for the Promotion 
of Science. 

2. Euler structures of manifolds 

2.1. Euler structures. Let X be a finite CW-complex of dimension m and let Y be 
a proper subcomplex such that x{^i ^) = 0- Iii the following we recall the definition 
of Euler structures of (X, Y) as introduced by Turaev (see |Tu90l ITuOlj ). 

We denote by p: X — )■ X the universal covering of X and we write Y := p~^{Y). 
An Euler lift c is a set of cells in X such that each i-cell of X \ F is covered by 
precisely one of the cells in the Euler lift. 

Using the canonical left action of tt = 7ri(X) on X we obtain a free and transitive 
action of vr on the set of cells of X \ F lying over a fixed cell in X \ F . If c and d are 
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two Euler lifts, then we can order the cells such that c = {cij} and c' = {c^^} and such 
that for each i and j the cells Qj and c^ ■ lie over the same i-ceW in X\Y. In particular 
there exist unique gij G vr such that c'^j = gij ■ Cij. We now write "H = 'Hi(X) and we 
denote the projection map vr — )■ "H by \E'. We define 

m 
i=0 j 

We say that c and c' are equivalent if c' /c G "H is trivial. An equivalence class of Euler 
lifts will be referred to as an Euler structure. We denote by Eul(X, Y) the set of Euler 
structures. Given a Euler lift c we sometimes denote by [c] the Euler structure in 
Eul(X, Y) represented by c . If F = then we will also write Eul(X) = Eul(X, Y). 

Since X \Y ^ ^ we will now see that 7i acts freely and transitively on the equiv- 
alence classes of Euler structures. Indeed, given (? G "H and e G Eul(X, Y) we define 
g ■ e as follows: pick a representative c for e and pick g G 7ri(X) which represents g, 
then act on one i-cell of c by g^~^^\ The resulting Euler lift represents an element in 
Eul(X, Y) which is independent of the choice of the cell. We denote hj g -e the Euler 
structure represented by this new Euler lift. Clearly {g ■ e)/e = g. 

2.2. Euler chains. Let X be a finite CW-complex of dimension m and let F be a 
proper subcomplex such that x{^: ^) = 0. We denote by A the set of cells of X \ F. 
Following Turaev |Tu90] we define an Euler chain in (X, Y) to be a one-dimensional 
singular chain ^ in X such that 

aeA 

where for each a, Pa is a point in a. Given two Euler chains ^ and rj with dC, = 

^aeA('~^)'^^"'^"'^Pa. ^^d drj = X]aGA('~"-'-)*^™''"^^a ^^ P^*^^ ^^^ ^^^^ tt G v4 a path Xa : 
[0, 1] — )■ a from pa to g^. We then define ^ — r/ to be the homology class in i/i(X; Z) 
represented by the cycle 

We say that the Euler chains ^ and rj are homologous if .^ — r^ = G Hi{X] Z). Note 
that there is a canonical free and transitive action by T-Li{X) = Hi{X] Z) on the set 
of homology classes of Euler chains defined by [h][^] = [^ + h] for [h] G 'Hi(X). 

To an Euler lift we can associate an Euler chain as follows: pick a base point of the 
universal cover X and pick a path from that base point to a point in each cell of X 
which lies in the Euler lift. Taking the alternating sum (where the sign comes from the 
parity of the dimension of the cell) of the projection of these paths to X we obtain an 
Euler chain. It is straightforward to see that this map induces an 'Hi(X)-equivariant 
bijection 

Eul(X, Y) — )■ {homology classes of Euler chains}. 
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We refer to jTuQOt Section 1.3] for more details. We will use this bijection to identify 
Euler structures with homology classes of Euler chains. We will freely go back and 
forth between these two notions. 

2.3. Euler structures and subdivisions. Let {X', Y') be a cellular subdivision of 
{X,Y). There exists a canonical "Hi (X)-equivariant map 

a: Eul(X,F) ^ Eul(X', F') 

which is defined as follows: Let e G Eul(X, Y) and pick an Euler lift for (X, Y) which 
represents e. There exists a unique Euler lift for {X', Y') such that the cells in the 
Euler lift of {X',Y') are contained in the cells of the Euler lift of {X,Y). We then 
denote by cr(e) the Euler structure represented by this Euler lift. This map agrees 
with the map defined by Turaev |Tu90l Section 1.2]. 

2.4. Euler structures of smooth manifolds. We will now quickly recall the defini- 
tion of Euler structures on smooth manifolds. We refer to |Tu90t Sections 2.1 and 2.2] 
for full details. 

Let A^ be a manifold and d^N C dN a union of components of dN such that 
x{N, doN) = 0. (In all our later applications we will either take OqN = dN or 
doN = 0.) We write Ti = Tiii^N). A triangulation of A^ is a pair {X,t) where X 
is a simplicial complex and t : \X\ ^ N is a. homeomorphism. Note that t~^{dQN) 
is a simplicial subspace of X. Throughout this paper we write Y := t~^{doN). We 
will for the most part suppress t from the notation. Following [Tu90t Section L4.1] 
we consider the projective system of sets {Eul(X, F)}(x,t) where {X,t) runs over all 
C^-triangulations of N and where the maps are the 7{-equivariant bijections between 
these sets induced either by C^-subdivisions or by smooth isotopies in N. 

We now define Eul{N,doN) by identifying the sets {Eul(X, y)}(x,t) via these 
bijections. We refer to Evi\{N,doN) as the set of Euler structures on {N,doN). 
Note that for a C^-triangulation X of X we get a canonical "H-equivariant bijection 
Eul(X,y) ^Eul{N,doN). 

2.5. Smooth Euler structures. Let X be a compact manifold and doN a union 
of components of dN such that x(^) doN) = 0. Following Turaev (see |Tu90t Sec- 
tion 5.1]) we define a regular vector field on (X, d^N) to be a nowhere vanishing vector 
field on X which points inwards on OqN and outwards on dN\dQN. Two such vector 
fields are called homologous if for some point x G Int(X) the restrictions of the vector 
fields to X \ X are homotopic in the set of all regular vector fields on N \ x. The 
set of homology classes of regular vector fields is called vect(X, doN). Turaev |Tu90t 
p. 639] showed that vect(X, SqX) admits a canonical, free and transitive action by 
'Hi(X), and by |Tu90t Section 6.1 and 6.6] there exists a canonical 'Hi(X)-equivariant 
map cttN'- Eul(X, c?oX) — >■ vect(X, SqX). We will recall the definitions in the proof 
of Lemma 14. 3[ 
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2.6. Homology orientations. Let {X,Y) be a pair of topological spaces. A homol- 
ogy orientation of {X, Y) is an orientation of the real vector space ©j>o-ff*(X, Y; R). 
We denote by Ot{X,Y) the set of homology orientations of {X,Y). Given u G 
Ot{X, Y) we denote by — w the opposite homology orientation. 



3. Twisted homology groups and twisted torsion 

3.1. Torsion of based complexes. In this subsection, we quickly recall the defi- 
nition of the torsion of a based complex. We refer to Milnor's classic paper |Mi66] , 
Nicolaescu's monograph |Ni03] and Turaev's books |Tu01t ITu02] for details. Note that 
we follow Turaev's convention; Milnor's definition gives the multiplicative inverse of 
the torsion we consider. 

Throughout this section, let F be a field. Let l^ be a vector space over F, and let 
X = {xi, . . . , Xm) and y = {yi, . . . , y^) be two ordered bases for V. Then we can write 
^i = YTj=i'^ijyj^ ^'^d we define [x/y] = det(ajj). 

Now let 

n , r^ dni-i ^ dm-2 di ^ do ^ „ 

U — )■ Um r <-^m-l r ■ ■ ■ — r ^\ — r '-^0 ~^ U 

be a complex of F- vector spaces. We write Hi = Hi{C). For each i, we pick an ordered 
basis Cj for Ci and an ordered basis hi for Hi. 

We write Bi = lm.{di : Cj+i — )■ Ci}, and we pick an ordered basis bi for Bi. Finally, 
we pick an ordered set of vectors b'i in Cj+i such that di{b'i) = bi as ordered sets. By 
convention, we define b'_i to be the empty set. Note that for i = 0, . . . , m, the ordered 
set bihib[_^ defines an ordered basis for Ci. We now define the torsion of the based 
complex C as 



r = l[{bM-l/c^t''''^' e¥ 



X 



^m— 1) 



An elementary argument shows that r does not depend on the choice of feo^ • 
and it does not depend on the choice of lifts feg, . . . ,b'^_i, see for example |Tu01t 
Section 1] . Put differently, this number only depends on the choice of the complex and 
the choice of the ordered bases for C* and H^, . We henceforth denote this invariant by 
t{C^,, c^, h^) G F^. If C* is acyclic; i.e., ii H^{C) = 0, then we just write t{C^, c*) G F*. 
Note that if c'^ is an ordered basis obtained from c* by swapping two basis vectors, 
then it is straightforward to see that 



r(C*, c'^, K) = —t{C^, c*, K) G F 



X 



furthermore if c'^ is an ordered basis obtained from c^, by multiplying one basis vector 
of Ci by / G F^ then 

r(a, <, h^) = /(-I)' • r(a, c„ h^) G F^ . 
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We will frequently need a renormalization of torsion which is due to Turaev (see 
|Tu86j and |Tu90[ Section 3]). Given a chain complex C* we define 

<C.) = E5=o(-l)'"^dimQ, 
A(a) = Ei=o(-l)'"'dimi7,(a), 

^(c*) = Y.^<c:)i3,{c,). 



We then define 



T(^0*, C^,, /i^,j : — y ij T\LJ^:^ Cif^ h^j. 



3.2. Twisted chain complexes. Let (X, Y) be a pair of topological spaces. We 

write TT = 7ri(X). Let y9: vr — )• GL((i, F) be a representation over a field F. Denote by 
p: X -^ X the universal covering of X. We write Y := p^^(y). The chain complex 
C*(X, y) is a left Z[7r]-module via deck transformations. Using the natural involution 
g I— > g^^ on the group ring Z[7r], we can also view C^,(X, Y) as a right Z[7r]-module. 
By viewing elements of F"^ as column vectors the representation yj gives rise to a left 
Z[7r]-module structure on F*^. We now obtain the twisted chain complex 

Cr(X,y;F'^):=a(X,f)®2;wF^ 

and we denote its homology groups by iff (X, Y\ F'^). When yj is understood we will 
drop it from the notation. 

Remark. Let (X, Y, ip) as above. We can view F*^ as a right Z[7r]-module via the action 
^f I— >■ (v I— )■ va{g)) where we now view elements of F'' as row vectors. We can now 
consider the twisted chain complex 

DtiX^Y-W") :=¥" ®^^^^C,{X,Y). 

This point of view is taken in various papers in the literature (see e.g. |KL99t ITuOlt 
ITu02] ) . We now denote by ip the representation g i— )■ ip{g~^y. It is straightforward 
to verify that the map a ® f i— )■ f * (g) cr gives rise to a chain complex isomorphism 

CnX,Y;¥'')^Dt{X,Y;W''). 

For future reference, when (X, Y) is a pair of topological spaces, then we define 
aj(X, Y), /3j(X, Y) and f]{X, Y) to be the invariants of the chain complex C^,(X, Y; M). 
Furthermore, when y9: tt — t- GL{d,¥) is a representation, then we define af{X,Y), 
f3f{X,Y) and r/^(X,F) to be the invariants of the chain complex Cf{X,Y;¥'^). As 
usual we drop Y from the notation when y = 0. We will several times make use of 
the following basic observation: 

af{X,Y) = d-ai{X,Y). 
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3.3. Twisted torsion of CW-complexes. Now let X be a finite CW-complex 
and Y a proper subcomplex, (p: vri(X) — )► GL{d,¥) a representation over a field 
F, e e Eul(X, Y) an Euler structure and u a homology orientation for (X, Y). 

If the complex Cf{X, Y; W^) is not acyclic, i.e. if Hf{X, Y; W^) ^ 0, then we define 
T{X,Y,ip,e,oj) := 0. Now suppose that Hf{X,Y;¥'^) = 0. (It is worth noting, that 
it is a necessary condition that the Euler characteristic x(^? ^) is zero.) We pick 
an Euler lift which represents e and we pick an orientation for each cell in the Euler 
lift and we pick an ordering for the cells in the Euler lift. We then denote the set of 
oriented z-cells by cn, . . . , Cis-. Finally we equip F'^ with the canonical ordered basis 
Wi = (1, 0, . . . , 0), . . . , f„ = (0, . . . , 0, 1). For each i we can then view 

a(x,r)®zwF'^ 

as a based F-vector space via the basis 

(Cii 'S)Vi,...,Cii0Vd,..., Cis^ (g) Vi, . . . , Cis^ O f„). 

In the following we will, by slight abuse of notation, denote this basis by {cij ® vj,} or 
{c* ® f*}. (Recall that here and throughout the paper it is understood that a basis 
is in fact an ordered basis.) 

We now also pick a basis /i* for H^,{X,Y;M.) which represents u G Or(X, y) and 
we denote by Cjj the images of the cells Cij under the projection maps X — )■ X. 

We now define 

r(X, F, if, e, u) := f{CnX, Y; F'^), {q, ® Vk}) ■ sign(f(C.(X, Y; M), {q,}, K))". 

(Note that by assumption H^{X, Y; W^) = 0, in particular viCU^, Y; W^)) = 0.) We 
refer to this invariant as the sign-refined twisted torsion of the pair (X, Y) with respect 
to the Euler structure e. This invariant can be viewed as a twisted analogue of the 
sign- refined torsion introduced by Turaev |Tu86t ITu90] . When F = 0, then we drop 
Y from the notation, i.e. we define r(X, ip, e, u) := r(X, 0, ip, e, u). 

The following well-known lemma now summarizes a few key properties of the sign- 
refined twisted torsion. 

Lemma 3.1. Let {X,Y,ip,e,u) as above. Then the following hold: 

(1) The invariant T{X,Y,ip,e,u) E ¥ is well-defined (i.e. independent of the 
choice of the Euler lift and the ordering of the cells), put differently, r(X, Y, ip, e, u) 
has no indeterminacy. 

(2) Let e e {±1} and g G 'Hi(X), then 

r(X, Y,ip,g-e,e-uj) =6^^ ■ det{ip{g-^)) ■ r(X, Y, (p, e, u). 

(3) // Ip is conjugate to ip, then r(X, Y, ip, e, u) = r(X, Y, ip, e, u) . 

Proof. We denote by p: X — )■ X the universal covering of X and write Y := p''^{Y). 
We also we write vr = 7ri(X). Let Cij be an ordered, oriented collection of cells in X 
which represents e. Recall that g ■ e is represented by the ordered, oriented collection 
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of cells {c'ij} which is obtained from {qj} by acting on one z-cell by h := g^^^^' 
using the canonical left vr-action on X. On the other hand, in the chain complex 
C*(X,y) ®z[7r] ^'^ we view C^{X,Y) as a right Z[7r]-module using the involution. It 
follows that 

h ■ Cij ® V = Cij ■ h~^ ®v = Cij ® (f{h^^){v). 
It now follows easily, that 

T{CnX, Y- F-^), {4. ® Vk}) = det{^{h-')Y-^y ■ T{Cf{X, Y; F'^), {q, ® v^}) 
_ = det{ip{g~'))-T{CnX,Y;¥''),{c,,®Vk}), and 

sign(r(a(X,r;M),{c^},/i.)) = sign(r(C.(X, F; R), {c-}, /i,)). 

(Here {c^j} and {cij} denote of course the projections of the obvious cells to the base 
spaces.) Finally, if {c'^j} is obtained from {%} by swapping two cells of the same 
dimension, then the first torsion changes by a factor (—1)'^ and the latter changes by 
a factor —1. Statements (1) and (2) now follow easily from the above observations. 
The third statement is straightforward to prove. D 

3.4. Euler structures and subdivisions. Let {X', Y') be a cellular subdivision of 
{X,Y). By the discussion of Section [2731 there exists a canonical "Hi (X)-equivariant 
map 

a: Eul(X,F)^Eul(X',y')- 

A representation of X and a homology orientation for (X, Y) induce canonically a 
representation for X' and a homology orientation for (X', Y') which we denote by the 
same symbols. The following lemma is now |Tu90t Lemma 3.2.3]: 

Lemma 3.2. Let e G Eul(X,F), ip: 7ri(X) — )■ GL{d,¥) a representation and u a 
homology orientation of (X, Y) . Then the following holds: 

r(X', Y', if, a{e),u) = r(X, Y, cp, e, u). 

3.5. Twisted torsion of manifolds. Let X be a manifold and OqN C dN be a 
union of components of dN such that xi^jdoN) = 0. Let ip: 7ii{N) — )■ GL{d,¥) be 
a representation over a field F, e an Euler structure and u a homology orientation for 

{N,doN). 
We write Ti = 'Hi(X). Recall that for any C^-triangulation f : X -^ N we get a 

f* 
canonical "H-equivariant bijection Eul(X, F) -^ Eul(X, SqX). We now define 

r(X, doN, ^, e, u) := r(X, Y, ^ o /„ f;\e), f;\co)). 

By Lemma |3^ and the discussion in |Tu90] the invariant T{N,doN,ip,e,u) G F is 
well-defined, i.e. independent of the choice of the triangulation. 
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4. Duality for Euler structures and homology orientations 

4.1. Triangulations of manifolds and dual decompositions. In this section we 
follow closely the notation and language of Turaev in |Tu01t Section 14] . 

Let X be a triangulated space. Given a simplex a we denote by |a| its dimension 
and we denote by a its barycenter. If a is a face of 6, then we write a < b and we 
write a < b ii a < b and a ^ b. If ao < cti < • ■ ■ < Ofc is a sequence of simplices, then 
we denote by 

the convex hull of the points ag,a]^, . . . ,a;.. Note that this is a fc-dimensional sim- 
plex contained in a^. Also note that given a simplex a all simplices of the form 
(%) %)•••) Ofc) with Ofc < a form a triangulation of a, which is called the first barycen- 
tric subdivision of a. If we apply this procedure to all simplices of X we obtain a new 
triangulation of X which is called the first barycentric subdivision of X. 

Now let X be a triangulation of an m-manifold N with (possibly empty) boundary. 
Note that the simplices of X which lie in dN form a triangulation of dN, which we 
denote by dX. 

Given an n-dimensional simplex a of X we define 

a^ := [j (ao,ai,...,afc) 

a=ao<ai<-<afe,fc>0 

to be the dual cell of a. Note that a^ is an {m — n)-dimensional cell. If a is a cell in 
(9X, then we also define 



% 



a=ao<ai<---<ai^CdX,k>0 

The dual cellular decomposition X'^ of N is defined to be the decomposition given 
by: 

{a'^ I a C X} U (4 I a C dX}. 

4.2. Dual Euler structures: Euler chains. Let X be a compact m-manifold. We 
assume that x{^) = x(^) 9N) = 0. Let X be a triangulation for X. Recall that 
in our notation Y corresponds to dN. We denote by A the set of simplices of X. 
Following ^Tu90^ Appendix B] (see also |HT72] ) we define 



F:= Yl (-l)'''"'+l'^^l(ao,ai)- 






(Here we orient (0:0,0:1) such that d{aQ,ai) = o^ — Oq.) Note that F is a simplicial 
chain in the first barycentric subdivision of X. It is straightforward to verify, that if 
m is even, then 



dF = J2i-l)\^ 



-il'-'o 



aCY 
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and if m is odd, then 

dF = 2 J2 (-!)'"'« +X1^~^)'"'^- 

aGX\Y aCY 

(See |HT72] for details.) We now consider the following map: 

J: Eul(X,F) -^ Eul(X) 

[e] ^ [F+(-in]. 

Note that the map J is well-defined and satisfies J (he) = h^^^^"" J{e) for all h G 'Hi{N) 
and ee Eul(X,F). 

The following lemma is an easy generalization of the closed case (see |Tu90l Lemma B.2.1]) 
which shows that the map J: Eul(A^) — )■ Eul(A^) is well-defined for closed iV, not de- 
pending on the choice of triangulation of N . 

Lemma 4.1. Let X' he a subdivision of X , then the following diagram commutes: 

Eul(X, Y) -^-^ Eul(X) 



Eul(X',r)-^Eul(X'). 

(Here a denotes the map defined in Section lKR ) 

Proof. Each open simplex b of X' lies inside a unique simplex a{b) of X. Denote by 
7] and rj' the chains 

5^ (-l)l^l[6,a(6)]and 5](-l)l^l[6,a(6)] 

bcX'\Y' bcY' 

respectively, where [&,«.(&)] is a segment in a{b) starting at b and ending at a(6). If 
^ is an Euler chain in {X,Y) with d^ = Xlacxvy ("-'-) ''*'^' then a{[^]) = [^ — f]] (see 
[T\i90| Section 1.3]). Hence 

where 

60<''l 

Similarly, 

Now it suffices to show that the chain F' is homologous to F + ((—1)™ — l)ri — rj'. It 
is clear that the simplex {bQ,bi) is homologous to the chain 

[6o,a(6o)] - [bi,a{bi)] + {a{bo) , a{bi)) . 
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Hence F' is homologous to 

E[^'^]-|e(-i)""'"-E(-i)""'"| 

bcX' U<b' 6'<6 J 

ao.aiCX I bo,6]^C-f',bo<fcl 

''0<''l V a(bo) = ao.<'(''l) = '"l 

The expression inside the first pair of braces equals 
^ (-x(Link(6)) - {-lf\x{dh)) = J2 (-(1 - (-1)'"-'") - (-l)'"!! - (-1)'")) 

bcX' bcX'\Y' 

bcY' 

= E (-i)"''((-ir-i)-E(-i)"'' 

6CX'\y' bcY' 

The sum inside the second pair of braces equals 

a{bo)=aobo<bi,a(bi)='^i a(6o)=ao 

= y^ ('_X)l'^i|-|''o| = ('_]_yao| + |ai| 

a{6o)=ao 

where Z is the link of Bq in ai and is homeomorphic to _dI'^iI~I^oI~i. From these we 
deduce the lemma. D 

4.3. Dual Euler structures: Euler lifts. We continue with the notation of the 
previous section. In particular let X be a triangulation of A^. We denote by Y the 
subcomplex corresponding to dN. 

We pick e G Eul(X, Y) = Eul(A^, dN). We denote by A^ and X the universal covers. 
Note that X is a triangulation for A^. We now pick an Euler lift which represents e. 
Note that each cell c in X \ y intersects precisely one cell c^ in the universal cover X^ 
of X^, which we refer to as the dual cell of c (see Section l^?T]) . The set of dual cells 
of the cells in the Euler lift defines an element in Eul(X''"). Note that the barycentric 
subdivision of X is also a subdivision of X"!", we thus have a canonical identification 
map Eul(X''') = Eul(X). Following |Tu90t Appendix B.2.2] we refer to the resulting 
map Eul(X,(9X) ^ Eul(X) as J'. Note that for h e V.i{X) = 'Hi(X) = ?^i(Xt) we 
have 

J'{he) = /i(-i)™J'(e). 

The following is an easy generalization of the closed case (see |Tu90t Lemma B.2.3]). 
Lemma 4.2. The maps J, J': Eul(X, 9X) — )■ Eul(X) are identical. 
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Proof. Fix a point x & N. For each point j/ G A^ fix a path in A^ from x and y. Denote 
by [x,y] the composition of this path and the projection p: N ^ N. So, [x,y] is a 
path in A^ going from p{x) to p{y). Denote by X' the first barycentric subdivision of 
X, and by A' the set of simphces of X'. 

Let {cij} be an Euler hft of {X,Y). The corresponding Euler structure e G 
Eul(X, Y) is represented by the Euler chain ^^g ^,(— l)*[a^, Cj^]. The Euler structure 
J(e) G Eul(X) is represented by the chain 

m 

e = F+(-ir^5^(-ir[x,c,^.]. 

i=0 i 

On the other hand, the Euler structure J'(e) G Eul(X''^) is defined by the Euler lift 
{%■} '-' {%■} '-' {i'^ijJd} ^°^ ^'^ Euler lift {dij} of y, and is represented by the chain 

m m—1 

i=0 jf j=0 J 

for some points yij G Intdlj. It suffices to show that the images of [^] and [^'] in 
Eul(X') under the map a defined in Section 1231 coincide. 

Denote by / the set of simplices c in A' such that c = {aQ,ai, ■ ■ ■ ^a^) with oq < 
ai < ■ ■ ■ < Ofc G A where ao E B and at ^ B. If c = (og, fli, • • • , flfc) with ag < ai < 
■ ■ ■ < Ofc G A, then we define a{c) = ag and 6(c) = Uk- 

Then the images of [^] and [^'] in Eul(X') are represented by the Euler chains 

cgA' eel ceA' 

respectively, where dij{c) is the dij such that p{dij) = a{c) and for each i,j, [yij,d^j] 
is the composition of the inverse path of [x, y^j] and [x,d-j]. 
We have 

m—l 

j](-i)i^ib,,(c),4.(c)] = 5^ 5^ ^ Y. (-1)'^' ^ [^^^'^d' 

cG/ i=0 j ce/ 

and one can see that the sum in the braces is equal to 

-{x{Unk{p{d,,))) - x{Unks{p{d,,m = -(1 - (1 + (-1)— ^-(-i))) = (-1)™- 

where Lmk{p{dij)) and Lrnkg^p^dij)) denote the links of p{dij) in X' and in ¥', re- 
spectively. Therefore we obtain that 

m— 1 
j=0 j cS^' 
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Now the chain /x — yu' is homologous to 

F + 5^(-l)l^l(6(c),a(c)) 
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c&A' 



J2{a,b) 



a,beA 
a<b 



-w 



E 



a(c)^a,6(c) — 6 



The sum in the braces is equal to the Euler characteristic of the simplicial complex 
whose fc- dimensional simplices are the sequences a = ao < ai < ■ ■ ■ < ak = b. If d is 
a simplex spanned by the vertices of the simplex b not in a, then the fc-dimensional 
simplices are in bijective correspondence with the (A; — l)-dimensional simplices of the 
first barycentric subdivision of the simplex containing d as a vertex. So the sum is 
equal to 



-X{d, dd) 



-1)' 



-1 



|a| + |fe| 



It follows that the chain /x 
lemma. 



yu' is homologous to 0. This concludes the proof of the 



D 



4.4. Dual Euler structures: combinatorial and smooth structures. Note that 
there is a canonical map J: vect{N,dN) — )■ vect(A^) given by inverting the di- 
rection of a representative vector field. The following is a generalization of [Tu90t 
Lemma B.4], which shows the lemma when N is closed. 

Lemma 4.3. Let N be a compact m-manifold. Suppose that x(A^) = xi^i^N) = 0. 
Then the following diagram commutes: 



Eu\{N, dN) 



Eul(iV) 



ca]\j 



cajsi 



vect(A^, dN) —^ vect{N). 



Proof. The case when dN = is proved in |Tu90] . and therefore we assume that 
dN is not empty. First, for the reader's convenience we recall the definitions of 
the maps cotv: Eu\{N,dN) -^ vect{N,dN) and caN'. En\{N) -^ vect{N) in [TuOnt 
Section 6.6]. 

Let {X,Y,t) with t: X —^ N a triangulation of {N,dN). Recall that Y denotes 
the subcomplex of X consisting of the simplices in dN. Define N' to be the manifold 
obtained by attaching A^ to dN x [0, 1] via the natural homeomorphism dN — )■ dN x 0. 
We extend the triangulation yxOjjyx 1 of the manifold dN x {0,1} to some 
triangulation k of the manifold dN x [0, 1] without adding new vertices. Then we 
obtain a triangulation of N' using X and k, which we denote by X U k. Let I be the 
set of the simplices of k that do not lie in y x ]J F x 1. For a simplex a ^ I, let a be 



18 STEFAN FRIEDL, TAEHEE KIM, AND TAKAHIRO KITAYAMA 

the barycenter of a as usual but if a G /, then let a be an (arbitrary) interior point of 
the simplex a lying in dN x (1/2). Then we obtain a canonical singular vector field 
Fi on A^' defined in terms of the points a where a & X U k (see |Tu90t Section 6.3]). 
The singular points of the vector field Fi are exactly the points a with a ^ X U k. 
Moreover, the field Fi is transversal to dN x (3/4) and is directed towards dN x 0. 
Also it is transversal to dN x (1/4) and is directed towards dN x 1. 

Now we define caN- Eu\{N,dN) -^ vect{N,dN). Let pr^ : \k\ -)■ dN be the pro- 
jection. We may assume that pr^^ linearly maps simplices onto simplices. For each 
a ^ I denote by ■ja some path [0, 1] — )• pr;^(a) x [0, 1/2] from a to the barycenter of 
the simplex pr]^(a). Let T := — X]aG/(~l)'"'7a- 

Let ^ e Enl{N, dN). Let M ■.= N'\ {dN x (3/4, 1]). Then dM = dN x (3/4), and 
Fi\m is transversal to dM and is directed inwards on dM. Moreover, one can check 
that d{T + ^) = X]6exu/(~-'-)'^ -• Therefore b runs over all singular points of Fi in M. 
The chain r + ^ can be presented by a chain consisting of oriented arcs joining a point 
of X to all b where b E X U L Note that the vector field Fi\m is non-singular outside 
a neighborhood of these arcs. Since x{M) = x{^) = 0; this non-singular vector field 
defined on the complement of a neighborhood of the arcs in M can be extended to 
a non-singular vector field F^ on {M,dM). The vector field F^ is transferred to N 
by the canonical diffeomorphism g: M ^ N. Finally, caf^{C,) for ^ G Eu\{N,dN) is 
defined to be the homology class of this vector field, [dg{F^)] G vect(A^, dN). 

On the other hand, for ^ G Eul(A^), caiy{^): Eul(A^) — )■ vect(A^) is defined as 
follows. Let L := N'\ {dN x (1/4, 1])} and Fi be the vector field on A^' defined as 
above. Then dL = N x (1/4) and Fi\l is transversal to dL and is directed outwards 
on dL. Moreover, dC, = X]feGx(^-'-)'^'^ ^^^ therefore b runs over all singular points 
of Fi in L. Now the chain ^ can be presented by a chain consisting of oriented arcs 
joining a point of X to all b where b E X and the vector field Fi\l is non-singular 
outside a neighborhood of these arcs. Since x{L) = x{^) = 0, similar to the case of 
Enl{N,dN), we can obtain a non-singular vector field F^ on L. This vector field is 
transferred to A^ by the canonical diffeomorphism h: L ^ N and finally ca^iO ^^ 
^ G Eul(A^) is defined to be the homology class [dh{F^)] G vect(A^). 

Now we prove that the diagram commutes. Let ^ G Eul(A^, 9A^). Let g' : M ^ L 
be a diffeomorphism constructed in a similar fashion a.s g: M ^ N is defined such 
that dN X [1/2, 3/4] C M is sent to dN x [0, 1/4] C L. Also we may assume that 
h o g' = g- To show the commutativity of the diagram, it suffices to show that 
J{dg'{F^)) is homologous to -Fj(^) in L. Note that the singular points of the vec- 
tor fields J{dg'{Fi\M)) and Fi\l lie in A^ C L, and therefore one can show that 
the restrictions of J{dg'{F^)) and -Fj(5) to A^ are homologous in A^ using the ar- 
guments for the closed case in |Tu90t Lemma B.4]. In fact, their restrictions to 
dN X are homotopic. Let L' := L \ N = dN x [0, 1/4]. Now it is enough to show 
that J{dg'{F^)) and -Fj(g) are homotopic on {L',dL'). The obstruction to the homo- 
topy of u := J{dg'{F^))\Li and v := Fj(^^)\l' on {L',dL') is an element of the group 
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H"^-^{L',dL';Z'^) = Ui{L') where u: ttiU -^ Aut(Z) is the first Stiefel- Whitney 
class of the manifold L' (see |Tu90[ Section 5.2]). Let i G l-ii{L') be that element. 
But since Hi{L'; Z) = Hi{dN x 0; Z) and u\dNxo and f laAfxo are homotopic, one can 
see that i = 1 and hence u is homotopic to f in L'. D 

4.5. Summary and dual maps. Let A^ be a compact m-manifold with x{^) = 
x{N,dN) = 0. Let {X,Y,t) with t: X ^ A^ be a triangulation of {N,dN). We 
denote by F the chain introduced in Section 14.21 In the previous sections we showed 
that the maps 

Eul(X,y) 4 Eul(X) ^^^ Eul(X,F) A Eul(Xt) 

[e] ^ [F+i-ir^] '''' [c] ^ [ct] 

give rise to well-defined maps J, J' : Eul(A^, 9A^) — )■ Eul(A^) and we saw that the 
maps are in fact the same. We furthermore studied the J: vect{N,dN) — )■ vect(A^) 
given by inverting the direction of a representative vector field and we showed that 
the following diagram commutes: 

Eu\{N, dN) —^ En\{N) 



ca]\[ 



cajsf 



vect{N, dN) — ^ vect(iV). 

We now denote the inverse maps Eul(A^) — )■ Eul(A^, dN) and vect{N) — )■ vect(A^, dN) 
by J as well. It is clear that J : vect(iV) — )■ vect{N,dN) is given by inverting the 
direction of a representative vector field and it is clear that Eul(iV) — )■ Eul(iV, dN) 
corresponds to the map 

Eul(X) 4 Eul(X,r) 

[e] ^ [(_i)™+iF + (-ire]. 

In the following, given e G vect(X) = Eul(X) or e G Yect{N,dN) = Eu\{N,dN) we 
write e^ = J(e). Note that by definition we have (e''')''' = e. 

4.6. Dual homology orientations. Let N be an oriented m-manifold and let doN 
be the empty set or dN. We denote by [N] G Hm{N, dN; Z) the orientation class 
and denote by D: Hi{N,doN;R) -^ H"'-'{N,dN \ doN;R) the isomorphism given 
by Poincare duality. Following |Br93[ Section VI. 11] we then define the intersection 
pairings on N as follows: 

Hi{N,dN;R)xH^_,{N;R) -^ R 

{a,b) ^ a-b:={D{b)UD{a))n[N]. 

Note that the intersection pairings are non-degenerate. 
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Let w be a homology orientation of {N,dN). We pick an orientation for A^. Fol- 
lowing |Tu86[ p. 178] we will now define a dual homology orientation for N. First 
note that the above pairings give rise to a non-degenerate pairing 

H^{N, dN; R) X H^{N; M) -^ R. 

An ordered basis Wi for H^{N; M) is called positive if for one, and hence any, positive 
basis Vi for H^{N,dN]M.) the determinant of the matrix Vi ■ Wj is positive. The 
resulting homology orientation on N is called the homology orientation dual to u and 
denoted by u'^. Note that if x(^) = 0, and this is the only case we will consider 
in this paper, then it follows from dimif*(A^; M) = x{^) mod 2 that the definition 
of the dual homology orientation does not depend on the choice of [A^]. On the 
other hand, if a; is a homology orientation on A^, then the homology orientation on 
(A^, dN) obtained via the above non-degenerate pairing is also called the homology 
orientation dual to u and denoted by u'^. Note that if a; is a homology orientation on 
AT or {N,dN) then (a;t)t = uj. 

Let A^ be a closed rri-manifold. Following Turaev |Tu86t Appendix, Theorem 5] we 
now define 

{0, if m = 2 mod 4 or m = 3 mod 4, 

Eto^^HN), iim = l mod 4, 

ETJSHN) +l{b:^{N)-sign{N)), iim = mod 4. 

The following theorem is due to Turaev (see |Tu86l p. 179]): 

Theorem 4.4. Let N be a closed m-manifold and uj a homology orientation. Then 

J = i-lTco 

where 

m [m/2] 

n = z{N) + ^ A(Ar)/3,_i(Ar) + ^ p^,{N). 

i=0 i=0 

5. Duality for torsion of manifolds equipped with Euler structures 

5.1. The algebraic duality theorem for torsion. Let F be a field with involution. 
Given a vector space V we denote by V the vector space with the same underlying 
abelian group but with involuted F-structure. 

In the following let C^, be a chain complex of length m over F. Suppose that C* is 
equipped with an ordered basis Cj for each Cj. We write Hi = Hi{C) and we suppose 
that if* is equipped with an ordered basis /i*. We denote by C^ the dual chain complex 
as defined in [Tu86( Section 2.2.2]: the chain groups are Cj := Hom]F(Cm-i, F) and 
di : CIj^i — )■ C] is given by (— l)"'"*9^_j_i. We denote by c\ and hi the bases of C^ 
respectively H^iC"^) dual to the bases c* and /i*. 

Following |Tu86[ p. 142] we define 

r{C.) = E™o h(C)a._i(C) + A(C)A-i(C^)) + Etf {<^2^{C) + (5,,{C)). 
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When C=K is the ordinary chain complex of a pair of spaces {X,Y), then we write 
r{X,Y) = r(C*(X, y)). The following lemma is now an immediate consequence of 
Lemma 7 in the appendix of |Tu86] : 

Lemma 5.1. We have 

r{C,) = r{Cl) 
and the following equality holds: 

5.2. The duality theorem for manifolds. In this section we will prove the follow- 
ing duality theorem. 

Theorem 5.2. Let N be a compact, orientable m-manifold. We assume that x(^) = 
x{N,dN) = 0. Let ip: tci{N) — )■ GL{d,¥) be a representation over a field with invo- 
lution, let e be an Euler structure for {N, dN) and let u be a homology orientation 
for {N, dN) . Then H^{N, dN; W^) = if and only if Hf {N; F'^) = 0. Furthermore, 
if these groups vanish, then 



T{N,dN,^,e,w) = (-l)^^(^V(Ar,y?t,et,a;t){-i)^ 
where ip"^ is the dual of ip and 

m [m/2] 

s{N) = ^ A(iV)A-i(iV) + Yl /^2.(iV)- 



i=0 i=0 



The proof of this theorem will require the remainder of this subsection. 

Let X be a triangulation for A^. Let X"'' be the CW complex dual to {X, Y) of zero 
Euler characteristic. We write vr = tti{X) = tti{N) = 7ri(X"''). Let (^9: tt — )■ GL{d,¥) 
be a representation over a field with involution. First note that by Poincare duality 
and the universal coefficient theorem we have 

Hf{N, dN; W^) ^ H^t~\N; ^'^) = ^m-i(^; ^'^)- 

In particular H^{N, dN; F'^) = if and only Hf{N; ¥'^) = 0. Now suppose that these 
homology groups are indeed zero. 

First note that X'^ and X share a common subdivision, namely the first barycentric 
subdivision. By Lemma [3^2] we can therefore use X^ to calculate the twisted torsion 
of X. 

For the remainder of this section we pick an Euler lift which represents e G 
Eul(X, y). We pick an ordering for the cells and for each cell we pick an orien- 
tation. We denote the resulting oriented i-cells by Cji, . . . , Cj^-. We now also pick an 

orientation for X. For each {i,j) we now denote by c|- the unique oriented cell in X^ 

which has intersection number +1 with Cij. We denote by Cij and q- the projection 
of the cells to X respectively X^. Let K be a basis of H^{N, dN; M) = H^{X, Y; R) 
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which represents the homology orientation uj and denote by h\ the dual basis of 
H,{N-R) = H,{X^-R). 

Note that by Lemma [4.21 the Euler lift {c|} represents e^ = J(e) G Eul(A^). Theo- 
rem [5]2] now follows immediately from the definitions, the equalities af{X) = dai{X) 
and the following two lemmas. 

Lemma 5.3. The following equality holds: 

T{a{X,Y),c.,K) = (-l)V(Xt,{4},/.t)(-i)'"^\ 

where 

m [™/2] 

r := ^ («i(X)a,„i(X) + A(X)A_i(X)) + J^ («2^(X) + /32.(X)). 

i=0 i=0 

Proof. For the equality ^^(X, Y) = rji^X"^) we refer to proof of Lemma 7 in the appendix 
of |Tu86] ■ Note that for each i there is a canonical, non-singular intersection pairing 

Cm-iiX,Y;R) X CiiX^;R) ^R 

which is induced by the condition a ■ b^ = 5 ah for cells of X \ F and X'''. By |Tu01t 
Claim 14.4] we then obtain the following commutative diagram: 

a+i(X,F;M) X C^_,_i(Xt;M) ^ R 

a(X,y;R) X C„_,(Xt;M) -^ M. 

This shows that we can identify C*(X'''; M) with the chain complex dual to C=k(X, Y] R). 
It is straightforward to verify that under this identification the bases c\ and h\ are 
dual to the bases of c* and h^,. The lemma now follows immediately from Lemma 

EH □ 

Lemma 5.4. 



r(Cr(X,F;F'^),{Q,®t;J) = (-irV(Cf (Xt; F'^), {^ ® t;,})M)™+\ 
where 

m [m/2] 

r^:=J2c^f{X)al,{X)+Y,<iX). 

i=0 i=0 

Proof. Similar to the proof of the previous lemma there is a canonical, non-singular 
intersection pairing 

Cm-i{X,Y)xQiX^)^Z 
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which is induced by the condition a -W = 6ab for cells of X \ y and of X^". We can 
turn this pairing into a sesquilinear, non-singular pairing over Z[7r]: 

(a, 6) ^ {a,b) ■=^^^^{a-bg)g-\ 

Note that for g,h ^ it we have {ag,bh) = g~^{a,b)h. This pairing has the property 
(see e.g. |Tu01t Claim 14.4]) that the following diagram commutes: 

C,+i(X,F) X C„_,_i(Xt) -> Z[7t] 

a{X,Y) X C„_,(Xt) ^ Z[7r]. 

We now consider the chain complexes 

CfiX^Y-F'') = a(X,r)®zwF'^ 
Cf(Xt;F'^) = a(Xt)®^[,]F^. 

We consider the following pairing: 

(a ® t>, 6 ® w) I— !■ v^ip{{a,b))w. 

(Here we denote by cp the ring homomorphism Z[7r] — )■ M{n,¥) induced hj ip: vr — )■ 
GL(?7,,F).) It is straightforward to verify that this pairing is well-defined and non- 
singular and that the bases {cij^Vk}) and {clj^Vk} are dual to each other. It follows 
from the above that the following diagram also commutes: 

Cr+,(X,F;F'^) X cl,_,(Xt;F'^) ^ F 

Cf{X,Y;¥^) X C^'_,(Xt;F'^) ^ F. 

The lemma now follows immediately from Lemma ISTT] and from the fact that /3f (X) = 
for all i. D 

5.3. The duality theorem for closed manifolds. Let X be a closed, orientable 
m- manifold. Note that given e G Eul(X) the dual Euler structure J(e) also lies in 
Eul(X). The unique element g G 'Hi(X) with e = g ■ J(e) = (7 ■ eMs called the Chern 
class of e and denoted by Ci(e). 

Combining Theorem 15.21 with Theorem 14.41 and Lemma 13.11 now immediately gives 
us the following result. 

Theorem 5.5. Let N be a closed, orientable m-manifold with x(X) = 0. Let 
ip: ni{N) — > GL{d,¥) be a representation over a field with involution, let e be an 
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Euler structure for N and let u be a homology orientation for N. Then 



t{N, ^, e, w) = (-l)'^^W . det(v^(ci(e))) ■ t{N, ^t, e, u;)(-i)™+\ 

6. Twisted torsion of 3-manifolds with toroidal boundary 

6.1. Torsions of exact sequences of based chain complexes. Let 

-> c: 4 a ^ c:' ^ 

be a short exact sequence of chain complexes of finite length over the field F. Suppose 
that for each i we have a basis Ci,Ci,c'- for the corresponding chain groups. We say 
that the bases are compatible if the basis c, is of the form {l{c'j), di}, where the ordered 
set di maps to the ordered set a'- under the projection map. 

Furthermore suppose that we have bases h[,hi, h'- for the corresponding homology 
groups. We denote by Ti the long exact sequence in homology of the above short 
exact sequence of chain complexes. Note that the bases /i^, /ij, h'- turn % into a based 
chain complex. We denotes this basing for Ti hj B^:. 

The following lemma is now |Tu86t Lemma 3.4.2]: 

Lemma 6.1. Let 

y = E.«i(C")«.-i(c"), 

/" = E. ((A(C) + i)mc') + P^{C")) + A„i(C')/3i(C")). 
If ^{Cl,c[,h'^) 7^ or f{C'l,c'l,h'l) ^ and if c'^,c^.,c'l are compatible bases, then 

f{c., c, K) = (-i)^+^f(c:, 4, K) ■ f{ci ci K) ■ T{n, B,). 

6.2. Canonical structures on tori. Let T be a torus. We denote by F the free 
abelian group 7ri(T). We denote by Q(F) the quotient field of Z[F]. We denote by 

ip: TXiiT) =F ^ Aut(Z[F]) -^ GL(1,Q(F)) 

the regular representation. It is well-known that for any e G Eul(T) and any homology 
orientation w of T we have that T{T,ip,e,uj) G ±F. (This can for example be seen 
from an explicit calculation as in the proof of Lemma [6.21 ) 

It now follows from Lemma [3. II that there exists a unique Euler structure e and a 
unique homology orientation ou such that 

T{T,ip,e,u) = 1. 

We refer to this Euler structure as the canonical Euler structure on T and we refer 
to u as the canonical homology orientation of T. We refer to a vector field on T 
representing this Euler structure as a canonical vector field. This definition is identical 
to the definition provided by Turaev |Tu02t p. 10]. 

It is straightforward to see that the canonical Euler structure on T is the unique 
Euler structure which is invariant under the action by Aut(T) on Eul(T). Also note, 
that if e is the canonical Euler structure and u the canonical homology orientation, 
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then a straightforward calculation shows that for any representation ip: vri(T) — )■ 
GL((i, F) such that iff (T; F'^) = we have that 

(2) r(r,v5,e,u;) = 1. 

For future reference we also state the following lemma: 

Lemma 6.2. Let T he a torus and u the canonical homology orientation. We now 
pick a point P in T , two homology classes x, y in Hi{T] Z) and we pick a generator A 
of H2{T] Z) such that the intersection number x-y is +1 with respect to the orientation 
A of H2{T] Z). We denote by u' the homology orientation given by {P, x, y, A}. Then 

uj' = —UJ. 

Proof. We pick a homeomorphism T = 5^ x 5^ such that x corresponds to 5^ x 

* with the canonical orientation and such that y corresponds to * x S*^ with the 
canonical orientation. We equip S^ x 5*^ with the standard CW structure given by 

* X *, S*^ X *, * X S*^ and S^ x S^. Note that with the canonical orientations these 
four cells of the CW decomposition match the homology orientation u' . (See e.g. 
[Br93l Example VI.11.12] for details.) We can canonically identify the quotient field 
of Z[7ri(T)] with Q(a;, y). If we pick appropriate lifts of the above cells to the universal 
abelian cover X, then the chain complex C*(Z; Q(a;,y)) is given as follows: 

^ Q(x, y) ^—% Q(x, yf ^~^\ Q(x, y) ^ 0. 



It now follows from |Tu01l Theorem 2.2 and Remark 2.4] that the torsion of this 
-1 

-y 



based complex is j^ = ~1- D 



6.3. Maps on Euler structures and Chern classes on 3-manifolds with toroidal 
boundary. Let A^ be a compact, orientable 3- manifold with toroidal boundary and 
let eGEul(A^,9A^). 

Let X be a triangulation for N . We denote the subcomplexes corresponding to 
the boundary components of X by Ti U ■ ■ ■ U T;,. We now denote by p: X -^ X and 
Pi'. Ti ^ Ti,i = 1, . . . ,b the universal covering maps of N and Ti,i = 1, . . . ,b. We 
pick an Euler lift c which represents e. For each boundary torus Tj we pick an Euler 
lift tj which represents the canonical Euler structure. 

We denote by Tj the cover of Tj corresponding to the kernel of the map 7ri(Tj) — )■ 

7ri(A^). Note that we have induced maps p^^(Ti) — > Ti and T-i -^ Ti . We denote by 

t[ the image of tj under the map T^ ^ T^ . (Note that Tj = Tj if the boundary of 
N is incompressible.) For each i we now pick a collection tj of cells in p~^(Tj) such 
that each cell in t[ is covered by exactly one cell in tj. The set of cells {ti, . . . , 4, c} 
now defines an Euler structure for N , which only depends on e. We denote by K the 
resulting map Eul(A^, (9A^) — )■ Eul(A^). Note that this map is 'Hi(A^)-equivariant. 



26 STEFAN FRIEDL, TAEHEE KIM, AND TAKAHIRO KITAYAMA 

We now let e G vect{N,dN). We represent e by a regular vector field v. Recall 
that f is a nowhere vanishing vector field which points inwards on dN. We recall 
the following construction of Turaev |Tu02l p. 11]: For each boundary torus Tj pick 
a canonical vector field m,. We then denote by w the vector field on A^ which agrees 
with V on the complement of dN x [0, 1], and it equals cos{7it)v{x,t) + sm(t7i)ui{x) 
on Tj X [0,1], where x E Ti and t G [0,1]. Note that w now points outward on 
the boundary and thus defines an element in Eul(A^). Note that the homology class 
of w is well-defined, i.e. it only depends on e and it is independent of the choices 
involved. We refer to Turaev |Tu02t p. 10] for details. We denote the resulting map 
vect{N,dN) — )■ vect(iV) by K. It is straightforward to verify that K is 'Hi{N)- 
equivariant. 

We then have the following lemma: 

Lemma 6.3. The following diagram commutes: 

Eul(Ar, dN) — ^ Eul(A^) 



ca]\i 



Cftjv 



Yect{N, dN) -^ vect(A^). 

This lemma follows from the definitions and careful reading of |Tu90l Section 6.6]. 
We will thus only provide a short outline of the proof. 

Proof. Since the constructions only happen on neighborhoods of the boundary tori it 
suffices to consider the following situation. Let T be a torus and / = [0, 1]. Then the 
above constructions and the construction of Section 12.51 also define maps 

Eul(T X /, T X 1) — ^ Eul(r X /) 



vect(r X J, T X 1) — ^ vect(T x I). 

Note that Aut(T) acts in a canonical way on T x J and on all of the above objects. 
Recall that the canonical Euler structure is invariant under the Aut(T)-action. Also 
note that the horizontal maps in the above diagram are Aut(T)-equivariant. Further- 
more note that the vertical maps are Aut(T)-equivariant by the explicit construction 
in [TtlQOl Section 6.6]. 

It follows that the various maps send the unique structure invariant under the 
Aut(T)-action to the unique structure invariant under the Aut(T)-action. Since all 
the above objects admit a free and transitive action by 'Hi(T) and since all the above 
maps are "Hi (T)-equivariant under this action it now follows immediately that the 
above diagram commutes. 

D 
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Given e G Eul(A^) = vect(A^) there exists a unique element g G 'Hi{N) such that 
e = g ■ -ft'(e^). Following Turaev |Tu02[ p. 11] we now define Ci(e) := g. We refer to 
Ci(e) as the Chern class of e. 

6.4. Torsions of 3-manifoIds with toroidal boundary. 

Theorem 6.4. Let N be a 3-manif old with non-empty toroidal boundary, letip: tti{N) — > 
GL{d, F) be a representation over a field ¥, let e G Eul(A^, dN) and let u G Or(A^, dN) . 
Suppose that Hf{dN] F"^) = 0. Then 

T{N,dN,^,e,uj) = (-l)'^(''i(^)+^°(^^)V(Ar,(^,ir(e),u;t). 

The proof of Theorem 16.41 is postponed to the end of the subsection. 

It follows from the long exact sequence of the pair {N,dN), and our assumption 
that Hf{dN;¥'^) = 0, that Hf{N;W'^) = if and only if Hf{N,dN;¥'^) = 0. In 
particular either both torsions are zero, or both are non-zero. For the remainder of 
this proof we now assume that Hf{N; W^) = 0. 

We pick a triangulation X for A^. As usual we denote by Y the subcomplex 
corresponding to dN. Let e G Enl{N,dN) = Eul(X, F). We pick an Euler lift c* 
which represents e. We denote the components of F by Yi U ■ ■ ■ U Yj, and we pick Euler 
lifts tl, . . . ,tl which represent the canonical Euler structures. We denote hy ui, ... ,Ub 
the canonical homology orientations of Fi, . . . , Yb. Note that sign(f(C*(Fi), t* , Wi))) = 
±1. After possibly swapping two cells we can assume that in fact 

(3) sign(f(a(Y;),t:,a;,)) = l. 

(Here and in the remainder of this section we denote by c^, and tl also the projections 
of the cells to X and Yi.) 

We pick il, . . . ,il as in the previous section. We write t* = tj; U • • ■ U tj. We denote 
by {t^, U c^,} the resulting Euler lift for X. Recall that this Euler lift represents K{e). 
We now have the following lemma: 

Lemma 6.5. 

f{C:iX, Y; F'^), {c, ^v,}) = {-iy^f{CnX; F'^), {(t, U c,) ® v,}) , 

where 

u^ = J2^fiX,Y)al,iY). 

i 

Proof. We consider the following short exact sequence of chain complexes 

b 

^ CfiYf, ¥'') ^ CnX; ¥<") ^ C^X, Y; ¥<") ^ 0, 

with the ordered bases 

{tl ® 'y*}i=i,...,b, {(t* U c*) ® v*} and {c* v^}. 
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Note that these bases are in fact compatible. Also note that by ((21) and ([3]) we have 

It now follows from Lemma 16.11 that 

f (Cr(X, Y- ¥"), {c, ®v,}) = {-lY^f{Ct{X- ¥"), {(c, U i) ® V,}) . 

(Here we used that the complexes are acyclic, in particular the /x-term is zero and 
t{V,) = 1.) n 

We now pick a basis /i* for H^{X, Y; R) which represents u. We denote by hi the 
dual basis of H^,{X; R), and for i = 1, . . . , 6 we denote by hi a basis representing the 
canonical homology orientation of Yi. We denote by Ti the long exact sequence in 
homology of the pair {X,Y). Note that the above bases in homology give rise to a 
basis i3* for this complex. We now have the following lemma: 

Lemma 6.6. The following equality holds: 

sign{f{C4X, Y- R), c„ K)) = {-lY+^-sign{f{C,{X; R), iUc„ hl}))-sign{T{'H„ B,)), 

where 

Proof. We write 

b 

C;; = C,{Y,- R), C, = C,{X- R), and C'^ = C,{X, Y; R). 

We then consider the short exact sequence of — t- C^ — )■ C* — )■ C" — ;■ with the bases 

{tl}i=i,-,b, {i* U cj and {cj 
and the homology bases 

{K}i=i,-,b, hi and h^. 

Note that the bases of the chain complexes are compatible. Also note that by (|2]) and 
dH]) we have 

sign(f(a(r.),{t:},/i:)) = L 

It now follows from Lemma 16.11 that 

f(a(X, F; R), {c,}) = (-1)'^+'^ ■ f{aiX; R), {(c, U I)}) ■ r{n,, B,), 
where 



/3o(C") 


^ 


0, 




MC") 


= 


hi 


(iV) 


HC") 


= 


1, 




^,{C") 


= 


0. 
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Note that we only have to determine /i modulo 2. Recall that x(^? ^) = x(^) = 
xiy) = and note that H^{X]M) = since we assumed that Y is non-empty. One 
can now easily show that the following equalities hold modulo 2: 

/3o(C") = b, (3o{C) = 1, 

/3i(C") = b, /3i(C) = l + bi{N), /3i(C") = bi{N)-l, 

/32{C') ^ 0, /32(C) = 0, 

/33(C') = 0, Ps{C) = 0, 

An elementary calculation now shows that fi = 1. D 

Finally we also have the following lemma: 
Lemma 6.7. 

Proof. We pick an orientation for A^, i.e. we pick an orientation class [A^] G H^lN, dN; Z) 
and we equip dN with the orientation class given by the image [dN] of [A^] under the 
map H^lN, dN; Z) — )> H2{dN; Z). We will consider the intersection forms on A^ and 
dN with respect to these orientations. We write 

L := lm{H2iN, dN; R) -^ Hi{dN; M)} = Kei{Hi{dN; R) -^ Hi{N; R)}. 

It is well-known that L is a half-dimensional subspace of if i {dN; R) which is self- 
annihilating with respect to the intersection form on dN . Put differently, we have 
L = L^. We now pick a basis v = {vi, . . . ,Vb} for L. We pick a subspace L* 
of Hi{dN;R) such that ifi((9A^;R) = L ® L* . Note that the intersection form on 
Hi {dN; R) gives rise to a non-singular pairing L x L* — )■ R. We now endow L* with 
the basis v* = {f *, . . . , v^} which is dual to v, i.e. which satisfies Vi ■ v* = 6ij. 

We now consider the following two exact sequences (with R coefficients understood): 

n',: ^ L* ^ Hi{N) -^ Hi{N,dN) -^ Ho{dN) -^ Ho{N) -^ 0, 
n'i: ^ L ^ H2{N,dN) ^ H2{N) ^ H2{dN) ^ Hs{N,dN) ^ 0. 

As before we equip the vector spaces H^{N;R) and H^,{N,dN;'R) with the bases 
hi and /i*. We now equip HQ{dN;R) with the basis consisting of a point in each 
component, we equip L and L* with the bases v and v* and we equip H2{dN; R) with 
the basis given by the orientation of dN. We denote the resulting basis for Ti'^ by B'^ 
and the resulting basis for Ti'l by B'^. 

Claim. 

sign{T{H.,B.)) = {-If ■ sign{T{H:,B:)) ■ sign{T{nlB'i)). 

Note that the obvious concatenation of {l-i'^,Bl) and {l-i'l,B'l) is exactly the same 
as {n^, B^), except that the basings for the groups Ho{dN; R), Hi{dN; R) = L © L* 
and H2{dN; R) differ. It thus suffices to show that (—1)^ is the sign of the base change 
matrix of H^,{dN; R). We denote by /c* the basis for H^,{dN; R) described just before 
the claim. For each i = 1, . . . , 6 we also denote by {hi)' a basis of H^{Ti; R) which 
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represents the homology orientation uj' as defined in Lemma 16.21 It follows easily 
from the definitions that 

sign{[KI{{hl)'VJ...VJ{hly)]) = l. 

On the other hand it follows from Lemma 16.21 that 

KliKT] = -1 

for any i. The claim now follows immediately from the definitions. 

We denote by (D^,, d^) the based complex "H'^, in particular we have Dq = Hq{N] M) 
and D4 = L* and di denotes the map -Dj+i — )■ A- We denote by {D*,d*) the 
based complex given by D* := Dl_^ := HomiR(i54_j,]R), where the boundary map 
di : -D*+i — )■ D* is given by d^_i, and where d* denotes the basis dual to d^,. 

Claim. The based chain complexes {D*, d*) and ("H'/, B'^) are isomorphic, in particular 

T{D\d*)=r{'H':,13':). 

The proof of this claim follows from a careful consideration of Poincare duality. 
Note that for any pair of spaces {X, Y) we follow the convention of |Br93l p. 332] for 
the coboundary map C\X, Y; R) -^ C*+^(X, Y; R) which says that 

(4) 6f = {-iy+'fod. 

In the diagram below, D denotes the isomorphism given by Poincare duality. Note 
that D{a) fl [A^] = a for any a G Hi{N,dN) or a e Hi{N). We now consider the 
following diagram: 

Hi{dN) ^ H2{N,dN) ^ H2{N) ^ H2{dN) ^ H3{N,dN) ^ 

ID -ID ID ~ ID ID 

H\dN) ^ H\N) ^ H\N,dN) ^ H^dN) ^ H^N) ^ 

HiidN)* ^ Hi{Ny ^ Hi{N,dN)* ^ Ho{dN)* ^ Ho{Ny ^0. 

Here the top vertical maps are given by Poincare duality and the bottom vertical maps 
are given by evaluation. A minus sign in a square indicates that the corresponding 
square anti-commutes, and all other squares commute. That the above mentioned 
(anti-) commutativity holds, follows from |Br93t Theorem VI. 9. 2] for the upper se- 
quence of squares, and it follows from the definitions and from convention (jlj) for the 
lower sequence of squares. 

Note that the second and fifth vertical maps define the following isomorphism: 

Hi{N,dN;R) -^ Hs.i{N;R)* 

a ^ {b^ D{a)r\b). 
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By jBr93t Theorem VI. 5. 2] we have 

D{a)nb = D{a)n{D{b)n[N]) = {D{a)UD{b))n[N] 
= {D{a) U D{b)) n [N] = {D{b) U D{a)) n [N] 
= b ■ a, 

where b ■ a indicates the intersection pairing as defined in Section I4.6[ The same 
arguments apply for all other vertical maps. Note for the four intersection pairings 
defined on the right we have b- a = {—iy°'''''''a -b = a-b since one of the dimensions is 
always even. On the other hand the intersection pairing Hi {dN; M) x Hi {dN; M) — > M 
defined by the vertical maps on the left is anticommutative. The above discussion 
shows that the following diagram, where the vertical maps are all given by sending a 
to the map 6 h-> (a-b), commutes: 

Hi{dN) ^ H2{N,dN) ^ H2{N) ^ H2{dN) ^ H3{N,dN) ^ 

HiidN)* ^ Hi{N)* ^ Hi{N,dNy ^ Ho{dNy ^ Ho{N)* ^ 0. 

This diagram now gives rise to the following commutative diagram, where again the 
vertical maps are all given by sending x to the map y ^-^ {x ■ y): 

H'i: ^ L ^ H2{N,dN) ^ H2{N) ^ H2{dN) ^ H^iN^dN) ^ 

(KY ^ {L*y ^ Hi{N)* ^ Hi{N,dN)* ^ HoidN)* ^ Ho{Ny ^ 0. 

It is straightforward to verify, that the vertical maps define isomorphisms of based 
vector spaces. (For example, the left vertical map sends Vi to w \-^ Vi ■ w, but by 
definition we have Vi-v* = 6ij . For the vertical maps on the right note again that the 
intersection pairings are commutative.) i.e. the maps define an isomorphism {D*,d*) 
and (Ti", B'l) as claimed. This concludes the proof of the claim. 

Now also recall that previously we defined a based complex {D\ S). Note that for 
each i we have the following commutative diagram 



It is now straightforward to see that 

On the other hand it follows from Lemma 15.11 that 
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where 



4 2 

r 

i=0 4=0 

Note that D is acychc, and therefore an elementary calculation now shows that 

4 2 

r 

i=0 i=0 

Combining the above considerations we obtain that 



Y, {ai{D)a,^,{D) + l3i{D)l3,^^{D)) + ^ {a^,{D) + hi{D)). 



Ya,{D)a,.i{D) + Y,MD) = b mod 2. 



sign(r(?^„ i3,)) = (-1)^ ■ sign{T{H:, B',)) ■ sign{T{H':, B'l)) 

= i-lf-T{D,,d.)-T{D*,d*) 

= (-1)^ ■ (-1)^1 W-^'+i . r(D„ 4) ■ r(Dt, t/t) 

= (-1)^ • (-1)^1 W-^+i . (-1)^ . r(D., 4) ■ r(D„ 4) 

= {_lY+biiN)+l_ 



D 



Proof of Theorem \6.4\ Recall that 

af{Y) = d ■ a,{Y) and af (X, Y) = d ■ ai{X, F), 

in particular u'^ = d-u. It now follows from this observation, the definitions, Lemmas 
16311631 and [6n that 

T{N,dN,ip,e,uj) 
= f(Cr(X, ¥■ ¥<"), {c, ® t;,}) ■ sign(f(C,(X, Y- M), c*, /i,))'' 

= (-1)-'^ • f{Cf{X; F^), {I U c) ® t;,) ■ sign(f(a(X; M), i U c„ hl)Y ■ sign(r(H„ S*))'^ 
= (^_lYiboidN)+b,m . ^(C7;^(X; F'^), (i U c) ® t;,) • sign(f(a(X; R), i U c„ /^t))^ 
= (_l)d(&o(a7V)+bi(Af)) . ^(]v, ^, K{e),uj^). 

D 

7. Proof of the main duality theorem 

7.1. Spin-c structures. We first recall some facts about the set of Spin '^-structures 
on 3-manifolds with empty or toroidal boundary. We refer to |Tu02t Section XI.l] for 
full details. Let A^ be a 3-manifold with empty or toroidal boundary. We denote by 
Spin'^(A^) the set of Spin'^-structures on A^. The set Spin^(iV) admits a canonical, free 
and transitive action by 'Hi{N). Also note that given s G Spin'^(A^) we can consider 
the Chern class Ci(s) G H'^{N,dN;Z) = l-ii^N). The Chern class has the property, 
that for any s G Spin'^(A^) and h G 'Hi{N) we have 

(5) ci{h-5) = h^ci{5). 

Turaev showed that there exists a canonical "Hi ( A^)-equivariant bijection 

Spin'=(A^) -^vect(Ar) 
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which preserves Chern classes. (An exphcit description of the inverse map is provided 
in |BP01j ). We will use this canonical bijection to identify vect(A^) with Spin'^(A^). 
In particular, given a representation Lp: tti{N) -^ GL{d,¥) over a field F, cj G Or(A^) 
and 5 G Spin'^(A^) we now pick e G vect(A^) which corresponds to 3 under the above 
canonical bijection and we define 

t{N, (p, s, u) := t{N, if, e, u). 

7.2. Proof of Theorem 11.11 In this subsection, we prove Theorem 11.11 

Proof of Theorem \l.l[ We pick e G Eul(iV) = vect(A^) which corresponds to s. If A^ 
is a closed 3- manifold, then the conclusion follows immediately from Theorem 15. 51 and 
the fact that z{N) = 0. We now consider the case that N has non-empty toroidal 
boundary. Then it follows from Theorem 15.21 that 



t{N, v9, e, u) = (-l)^^W . t{N, dN, v?^ e^ u^). 
where 

s{N) = ^ A(Ar)A_i(Ar) + Y, P2^{N). 

i=0 i=0 

A straightforward calculation, using that x(A^) = and that 63 (A^) = 0, shows that 
s{N) = bi{N). But it follows from Theorem 16.41 that 

Recall that Ci(e) G 'Hi(A^) is defined to be the unique element such that A'(e^) = 
Ci(e)~^ ■ e. Combining the above we now see that 

r{N,^,e,co) = (-l^'om) . ^(^r, ^\ c,{e)-' -ceo). 

The theorem now follows from Lemma 13.11 D 

8. Applications to twisted Alexander polynomials 

8.1. Definition of twisted Alexander polynomials. Let A^ be a 3-manifold with 
empty or toroidal boundary. We write n = 7ri(A^). Let a: tt — )■ GL((i, K) be a 
representation over a field K. Let (p: vr — )■ F be an epimorphism onto a free abelian 
group. We denote the quotient field of ]K[F] by K(F). Note that we have a tensor 
representation 

a®(/):7r -^ Aut(K(F)'^) 

g ^ {v h^ (j){g) ■ a{g){v)) 

(here we view a{g) G GL((i, K) as an automorphism of ]K(F)'^ in the obvious way). 
Note that for (? G vr we have 

det{{a^<P){g))=<j){gYdet{a{g)). 

Given (A^, a, 0) as above we denote by t{N, a ® (p) C. K(F) the set of values 

{r(A^,a(g)0,s,c<;) | a; G Or(A^) and 5 G Spin'=(A^)}. 
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This set is called the twisted Alexander polynomial of {N, a, 0). Each t{N, a® 0,s, u) 
is called a representative of t{N, a® (f)). Note that by Lemma [3. II any two represen- 
tative differ by multiplication by an element in the set 

{e- f'^-d\e = ±lj eF.de det(a(7r))}, if n is odd, 
{f^ ■ d\f e F,d e det(a;(7r))} if n is even. 

In particular, ii ip: tt — t- SL{2d, K) is a special linear, even dimensional representation, 
then t{N, a®(j))E K(F) is well-defined up to multiplication by an 2n-th power of an 
element in F . 

8.2. Properties of Chern classes. We now state a few properties of the Chern 
class which we will need in the next section. 

Lemma 8.1. Let N he a 3-manifold with empty or toroidal boundary and let v G 
vect(A^). Then the following hold: 

(1) For any h G 'Hi{N) we have Ci{hv) = h"^ ■ Ci{v), 

(2) if N is closed, then there exists w G vect(iV) such that Ci{w) is trivial, 

(3) if N is closed, then ci{v) = g^ for some g G l-Li{N). 

Proof. The first statement follows easily from the definitions. Now assume that A^ is a 
closed 3-manifold. Recall that any closed 3-manifold N is parallelizable, in particular 
A^ admits a vector field w which is isotopic to —w. We denote the corresponding 
Spin^-structure by w as well. Note that ci{w) is trivial in T-Li{N) by definition. We 
can now write v = gw for some g G 'Hi{N) and it follows from (1) and (2) that 
ci{v) = ci{g ■ w) = g"^ . D 

For links in homology spheres the following result of Turaev (see |Tu02t Sec- 
tion VI. 2. 2]) classifies which classes are realized by Chern classes of elements in 

vect(A^). 

Proposition 8.2. Let L he an oriented, ordered m-component link in a Z-homology 
sphere N. We write Nl = N \ vL. We identify 'Hi{Nl) with the free ahelian multi- 
plicative group generated hy ti, . . . ,tm- Then for any v G vect(A''L) we have that Ci{v) 
is a charge, and conversely for any charge c there exists a f G vect(A''j^) such that 
ci{v) = c. 

8.3. Proofs of Theorems 11.21 11.31 and 11.41 Recall that if K is a field with invo- 
lution, then we endow ]K(F) with the involution induced by the involution on IK and 
the involution given by / = /^^ for f E F. The following is now an almost immediate 
consequence of Theorem 11.11 

Theorem 8.3. Let N he a 3-manifold with empty or toroidal houndary, let a : 7ri(A^) — t- 
GL{d, K) he a representation over a field K with involution, and let 0: Hi{N; Z) — )■ F 
he an admissihle epimorphism onto a free ahelian group. Suppose that a is conjugate 
to its dual. Then for any s G Spin^(A^) and any u G Or(A^) we have 

T{N,a®(j),s,Lo) = (-lY>'o(dN) . det(a(ci(s))) ■ 0(ci(s))^ • t{N, a ® 0,s,u;). 
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Proof. An elementary argument shows that a (8> as a representation over F = K(F) 
is conjugate to its duaL Note that an elementary calculation using the fact that 
restricted to any boundary component is non-trivial shows that 

H:^'''{dN;K{F)'^) = 0. 

It now follows from Theorem 11.11 that 



T{N,a®(j),5,uj) = (-l)'^^«(^^)-det((a(g)0)(ci(5)))-r(Ar, (a(g)0)t,5,w) 
= l-lf^oidN) . det(a(ci(s))) • 0(ci(s))^ ■ t{N, a0(l),5, cu) 



n 



The first statement of Theorem II .21 now follows immediately, and the second state- 
ment of Theorem 11.21 if we apply the above theorem to the Spin'^-structure with trivial 
Chern class which exists on closed 3- manifolds by Lemma [8. II Theorem 11.31 is an im- 
mediate consequence of the above theorem and of Proposition 18.21 Now we prove 
theorem 11.41 



Proof of Theorem l.^-^ Let S* be a Thurston norm minimizing surface which is dual 
to 0. Since N is irreducible and since N ^ S^ x D^ we can arrange that 5* has no 
disk components. We therefore have 

d ■ x{(f)) = d ■ x4S) = d ■ bo{dS) mod 2. 

Then for any s G Spin'^(A^), by [Tu02l Lemma VI. 1.2], we have 

d-bo{dS) = d-{ci{s)-S) mod 2 

where Ci{s) ■ S is the intersection number of Ci(s) G Hi{N) with S. Since S is dual 

to (j), we obtain that d ■ (ci(s) ■ S) = d ■ </)(ci(s)). Therefore it suffices to show that 

c?-(/)(ci(s)) = deg(r(A^, a®0,s,C(;)) mod 2 for any homology orientation w G Or(A^). 

Suppose that T{N,a ® (j),5,uj) = f{t)/g{t) for some f{t),g{t) G ]K[t''=-'^], where 

m p 

f(t) = J2 '^i'^^ with an, am 7^ and git) = X] ^i^'' with bp,bq 7^ 0. In particular, 

i=n j=q 

deg(r(A^, a ® 0,s, co)) = {m — n) — {p — q). Then by Theorem 18.31 one easily obtains 
that 

W)9{t) = c-(t^{c^{5)Yf{t)W) 

for some c G K. By looking at the highest exponents of both sides, we now have 
—n + p = d ■ 0(ci(s)) + m — q. Therefore 

d ■ 0(ci(s)) = — m — n + p + q = deg(r(A^, a ® (f),5,u)) mod 2. 

D 
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8.4. SL(2, C)-representations and twisted Alexander polynomials. In this sub- 
section we prove Ttieorem 11.51 We recall the following well-known lemma: 

Lemma 8.4. Let N be a 3-manifold with empty or toroidal boundary. Then a repre- 
sentation a : 7ri(A^) — ?■ SL(2,C) is conjugate to its dual. 

Proof. We equip C^ with the bilinear form (t>, w) i— )■ det{vw). It is clear that SL(2, C) 
acts by isometries on the form, hence by |HSW10( Lemma 3.1] any representation 
a: TTii^N) —7- SL(2, C) is dual to its conjugate. D 

Proof of Theorem \1.5[ Since a is irreducible it follows from Theorem 19.11 that any 
loose representative of t{N, a ® 0) lies in C[t^^]. By the previous lemma the repre- 
sentation a is conjugate to its dual. Let 5 G Spin'^(A^) and u G Or(A^). It follows 
from Theorem 18.31 that 

T{N,a<^(j),s,uj) = (f){ci{s)f ■ T{N,a (l),s,u). 

We thus see that 

T := 0(ci(s)) • T{N,a^4>,5,u) 
has the desired properties. D 

We conclude this section with a short excursion into the representation theory of 
SL(2, C). Given a vector space V of dimension n we define 

Sjm\V) := F^V ~ 

where ~ is the equivalence relation generated by 

Vi ® ■ ■ ■ ^ Vi ^ ■ ■ ■ ® Vj ^ ■ ■ ■ ® Vk = Vi ^ ■ ■ ■ ® Vj ® ■ ■ ■ ^ Vi ^ ■ ■ ■ ^ Vk- 

Note that dim(Sym (V)) equals the number of elements in the set 

Pk ■= {{ei, . . . , Ck) \ I < ci < 62 < ■ ■ ■ < Ck < n}. 

Put differently, dim(Sym (V)) equals the number of Young tableaux of size n. Note 
that if n = 2, then dim(Sym*=(V)) = k + I. 

Note that given any k there exists a canonical representation 

Pk-. Aut{V) -^ Aut(Sym'=(y)) 

(f H- {Vi^ ■ ■ ■ ®Vk ^ (p{vi) ^ ■ ■ ■ (g) (p{Vk)). 

It is well-known that any irreducible representation of SL(2, C) is isomorphic to one 
of the Pk- Given a representation a: vr — )■ SL(2,C) we denote the representation 
TT — )■ Aut(C^) -^ Aut(Sym^(C^)) by a^. Note that ai = a and that 0^2 equals the 
adjoint representation. 

Given a 3-manifold N and a representation a : tti{N) — )■ SL(2, C) the torsions 
and twisted Alexander polynomials corresponding to the representations ak,k > 2 
have recently been studied in detail, see e.g. |DY09] and see |Mii09t IMiilOj for the 
relationship of such torsions to the volume of a hyperbolic 3-manifold. The following 
well-known lemma says that Theorem 18.31 also applies to such representations. 
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Lemma 8.5. Let K be a field with involution with characteristic zero, and let ip : 
7ri(A^) — 7- GL{d,K) be a representation which is conjugate to its dual, then a^ is also 
conjugate to its dual. 

Proof. We write V = W^. By |HSW10( Lemma 3.1] there exists a non-degenerate 
sesquilinear form ( , ) on IC^ such that a acts by isometries. Now consider the form 

Sym'^(F) X Sym'=(y) -^ K 

It is clear that this is a sesquihnear form on Sym'^(l^) and that a^ preserves the form. 
It remains to show that this form is non-singular. 

Let f 1, . . . , frf be a basis for V. Since ( , ) is non-degenerate we can find vectors 
wi, . . . ,Wd such that {vi, Wj) = 6ij. Given e = (ei, . . . , Cfc) E Pk we define 

t>e := fei (8> ■ ■ • (8) Vef. and We := Wei ® ■ ■ ■ ® Wgfc- 

It is straightforward to verify that given e, f E Pk we have {v^, Wf) = if e 7^ / and 
{ve,Wf) 7^ otherwise. (Note that for the latter conclusion we used the assumption 
that K has characteristic zero.) D 

9. REIDEMEISTER torsion for IRREDUCIBLE NON-ABELIAN REPRESENTATIONS 

Let iV be a 3- manifold with empty or toroidal boundary, a: tt = 7Ti{N) — )■ GL{d, K) 
a representation over a field K and 0: vr — )■ F an epimorphism onto a free abelian 
group. The Reidemeister torsion t{N, a®(f)) E K(F) is in general a rational function. 
On the other hand the following theorem shows that in many cases t(A^, a®</>) actually 
lies inK[F]. 

Theorem 9.1. Let N , a, and (f) be as above. Suppose one of the following holds: 

(1) rank{F) > 2, or 

(2) a is an irreducible representation which is non-trivial when restricted to Ker{(f)), 
then t{K, a ® 0) G K(F) is a polynomial, i.e. it lies in ]K[F]. 

If rank(F) > 2 then the conclusion follows from earlier work by two of the authors 
[FKOSbl Lemma 6.2, Lemma 6.5, Theorem 6.7]), see also |Wa94t Proposition 9]. The 
second part generalizes a result by Wada (see |Wa94t Proposition 8]). We also refer 
to |KM05| Theorem 1.1] for an interesting result regarding twisted torsion of knots for 
SL(2, C)-representations. 

The proof of the second part of the theorem will require the remainder of this 
section. Note that by (1) it suffices to consider the case that is an epimorphism 
onto Z. We find it convenient to rephrase the theorem in the language of twisted 
Alexander polynomials, the definition of which we now recall. Let X be a topological 
space, 0: vri(X) — > Z an epimorphism and a: vri(X) — )■ GL((i, K) a representation 
over a field K. Recall that we can now define a tensor representation a ® : vti {X) — t- 
GL{d,K[t^^]). We obtain a twisted module H^^'^{X;K[t^^Y) over the ring K[t^^]. 
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Note that iff (X; K[t^-^]'^) is a finitely generated module over K[t^^]. We now denote 
by A\^^^^ G K[t±i] the order of i7f®'^(X; K[t±Y) and refer to it as the i-th twisted 
Alexander order of (X, 0, a). We refer to |Tu01] or [FVlOl Section 2] for the precise 
definitions. Note that the twisted Alexander polynomials are well-defined up to 
multiplication by a unit in the ring K[t^^]. 

Twisted torsions and twisted Alexander polynomials are closely related invariants 
as the following well-known proposition shows. (We refer to |KL99] . |Tu01l Theo- 
rem 4.7] and |FK06( Proposition 2.5 (1) and Lemma 2.8] for details.) 

Proposition 9.2. Let N he a 3-manifold with empty or toroidal boundary. Let a: it = 
ni{N) — )■ GL{d,K.) be a representation over a field K. We denote the dual of a by /3. 
Suppose that t{N, a® (j)) 7^ 0. Then the following hold: 

(1) If N is closed, then A^^^q 7^ 0, A^^q 7^ and 

r{N, a ® 0) = ^ e K{t) 

up to multiplication by a unit in K[t^^] . 

(2) // N has non-trivial boundary, then A^ </, 7^ ^^^ 

t{N, a ® 0) = ^1^ e K{t) 

up to multiplication by a unit in K.[t^^] . 

Our main technical result of this section is now the following proposition, which 
we phrase in a slightly more general language than strictly necessary, hoping that the 
lemma will be of independent interest. 

Proposition 9.3. Let X be a topological space. We write vr = ni{X). Suppose 
0: TT — 7- Z «s a non-trivial homomorphism such that Ker{(j)) is non-trivial and let 
a : 7r — 7- GL{d, K) be an irreducible representation over a field K which is non-trivial 
when restricted to Ker{(f)). Then A^ , q is a unit in K-l^^^]. 

Note that Theorem 19.11 is now an immediate consequence of Propositions 19.21 and 
[931 

Proof of Proposition \9. 3[ Suppose that a: vr — )• GL{d,K) is a representation over 
a field K which is non-trivial when restricted to Ker(0) and such that A^ .q 7^ 
1 G K[t^-'^] (up to multiplication by a unit in ]K[t^-'^]). We will show that a is not 
irreducible. We write F = Ker(0) and we pick /i G vr such that 0(/i) generates 
the image of 0. We denote by a 0: vr — )■ Aut(K[t^-'^]'^) the tensor representation. 
First recall that A^^^q = 1 if and only if HQ^'''{7r;K[t^Y) = (cf. e.g. jFKOGl 
Lemma 2.2]). Also recall (cf. |HS97l Section VI]) that 
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By our assumption we have Hq (tt; ]K[t^^]'^) 7^ 0. It is straightforward to see that 
this imphes that Hq{T;K.'^) = 'K.'^/{a{g){v) — v\v E IK*^,*? € T) is also non-triviaL 
Now pick a non-singular form ( , ) on K"^ and denote by a^ : vr — > GL{d, K) the unique 
representation which satisfies {a^{g)v,a{g)w) = {v,w) for all g E 7i,v,w E K'^. We 
now let Y = K{r, 1) and we denote by Y the universal cover of Y. We write (K'^)q, 
to denote W^ with the F-action given by a, and similarly we write (K'^)^t- Using the 
inner product we then get an isomorphism of K-module chain complexes: 

Homz[r](C,(r),(K'^)„t) ^ HomK(a(f ; (K^),),K) = Rom^C^Y ®^[r] {K%,K) 

f ^ ((c(g)w) ^ (/(c),u;)). 

Note that this map is well-defined since {f3{g~^)v,w) = {v,/3{g)w). It is now easy to 
see that this defines in fact an isomorphism of K-module chain complexes. It now 
follows that 

i7;t(r;K'^) = ifi(Homz[r](C4F),(K'^),t)) 

= i7,(HomK(C,(F;(K'^),),K)) 

= HiiCiY^iK")^)) 

= HnT;K''). 
Note that the second to last isomorphism is given by the universal coefficient theorem. 
Recall (cf. again |HS97l Section VI]) that 

H^iiT-K'^) = {veK'^\ a\g){v) = v for all ^ G r,t; G K"^}. 

We now write V := {v eK'^\ a''{g){v) = v for aA\ g eT,v e W'} and we let W CW^ 
be the orthogonal complement of V. In particular V (BW = W'-. Note that V is non- 
trivial by assumption and note that W is non-trivial since F = Ker(0) is non-trivial 
and since a (and hence a^) is non-trivial when restricted to F by our assumption. 
Note that with respect to the decomposition W^ = V (BW we have 

^id *^ 
* 



a^g) 



for any g & T. In particular there exist maps A: tt — t- Hom(W^, y) and B: n -^ 
End(W^) such that 



.0 B{g)J 

for any g eT. We now write 

'C D 



a^(/^) - \ E F 

with C G End(V),L> G YLom{W,V),E G Hom(V,Vr),F G End(Vr). For any ^ G F 
we have gii = fi{fi~^gfi) with fi~^gfi G F. In particular we have 

id Aig)\ fC D\ ^ fC D\ fid Aifi-'gfi) 
B{g)J-[E F \E FyU B{^-^gfi) 
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for any g &T. Considering the first block column we see that 



fA{g)E\ ^ fO\ 
\B{g)Ej [eJ 



HE: V ^ W was non-trivial, then there would exist v E V such that w = E{v) is 
non-trivial. Given any g eT we then have 

^id A{g)\ fO\ ^ fid A{g)\ ( 
B{g)) \w) \Q Big)) \Ev^ 

^id A{g)E\ fO\ ^ fid 0\ fo' 
B{g)E [v I E U^ 



aT{g){w) 





Ev 



w. 



But this is not possible by the definition of V. We therefore conclude that E is the 
zero homomorphism, hence the representation a'^ restricts to a representation of V. 
It is now straightforward to see that a preserves W. Since W is neither zero nor all 
of K*^ this shows that a is reducible. D 
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